The computer analysis of progress curves for enzyme-catalysed reactions involves a series of mathematical and computational tasks. The three most daunting of these are the derivation of an integrated rate equation, solving this equation so that the amount of product formed by the reaction at any time can be calculated, and incorporating this solution into a non-linear-regression computer program. This paper describes the basis of a computer program that greatly simplifies the problem. The proposed mechanism is specified in the familiar kinetic constant form, which is automatically translated into a program capable of fitting this mechanism to a series of experimental progress curves. The approach is illustrated for a reversible reaction with one substrate and one product, and tested with some data obtained for the fumarase reaction.
INTRODUCTION
The application of progress-curve analysis to an enzyme-catalysed reaction requires that a number of tasks be completed successfully. The most obvious of these tasks, although hopefully not the first that would be attempted, is the experimental one; the experiments must be performed and the data collected.
Next comes the mechanism task; given a particular kinetic mechanism, the differential form of the steadystate rate equation must be obtained. Fortunately, rate equations have been catalogued for a variety of cases [1] [2] [3] [4] and it is not difficult to find the appropriate equation in most instances.
A much more difficult task is the integration of this differential rate equation. Until fairly recently, this was one of the major impediments to progress-curve analysis. Integrated equations for selected cases have been published [5] [6] [7] , but no general equations capable of being tailored to all specific cases have been described. Duggleby & Morrison [8, 9] published a general equation for most irreversible reactions involving one substrate and up to two products, which can also be applied to reactions with two substrates in some circumstances. Boeker [10, 11] has gone considerably further and has described general equations that are applicable to most mechanisms with two or fewer substrates and products, and both reversible and irreversible reactions.
Even in the very simplest case of an irreversible reaction with only one substrate and that is not inhibited by its products, the integrated rate equation cannot be solved algebraically. That is to say, the integrated rate equation expresses time (t) as a function of the maximum velocity (kVm), the Michaelis constant (Ka), the initial concentration of substrate (A,), and amount of product (z) formed by the reaction (eqn. 1): t = z/ V.-(Ka/ V.) ln ( -z/A0) (1) Given that time is known with little uncertainty whereas z would normally have an associated experimental error, the proper way to proceed is to fit the integrated equation to the data in such a way that some function of the difference between the experimental and predicted value of z is minimized. This in turn requires that the predicted value of z at any time is calculated. The application of the Newton-Raphson method to this solution task has been discussed elsewhere [12] . The (2) In this equation V' is the maximum velocity in an arbitrarily chosen 'forward' direction and A, B, P and Q represent the concentrations of the substrates and products. Keq is the overall equilibrium constant and the remaining symbols (JO, JA, JB and so on) represent combinations of kinetic constants. As noted by Boeker [10] , there is a redundancy in eqn. (2) and not all the J terms are independent. For example, division by JAB will eliminate one parameter and reduce eqn. (2) to a form consistent with Cleland's [1] notation. We have retained the form used by Boeker [10, 11] as the equations presented below are contingent on this form.
Eqn. (2) describes a great variety of reactions, and the difference between various mechanisms is the absence of particular terms. Similarly, one or more of these terms will be missing for simpler reactions having fewer reactants, or those that are irreversible. Except for the unusual situation where the concentrations of A and B are exactly equal, eqn. (2) and its simpler variants integrate to the general form given as eqn. (3): (2) and the initial concentrations of the reactants. It should be noted that ref. [10] contains some errors, and corrections are given in the Appendix of the present paper. Definitions of Zeq. and D have also been given by Boeker [13] .
To go from a particular kinetic mechanism to an integrated rate equation requires two rounds of substitution. First, the J terms of eqn. (2) For example, a simple reversible reaction with one substrate and one product in which there is no isomerization of the free enzyme is defined by the relationships given as eqns. (4)- (15), where all terms not explicitly defined are taken to be zero: Aeq. =AO-Zeq.
Peq. Po + Zeq.
(8) (9) (10) (11) (12) (13) (14) (15) These substitutions are entirely mechanical in nature, requiring a great deal of care but almost no thought. This type of symbol manipulation, once correctly programmed into a computer, can be done quickly and without error. This task is the first of two functions of the AGIRE program.
Solution
The solution of eqn. (3) involves finding a value of z that satisfies the equality, for given values of all the remaining variables. Most authors [14] [15] [16] [17] [18] have employed the Newton-Raphson method, which involves the use of eqn. (16) and its first derivative with respect to z, eqn. (17):
By using an initial estimate of z, F(z) and F'(z) are calculated and a refined estimate of z is calculated by subtracting F(z)/F'(z) from the initial estimate. Provided the first estimate of z falls within certain limits, this refining process yields successive values of z that approach the solution of eqn. (3). Duggleby [12] has discussed the numerical difficulties that can arise in this process, and these are here summarized briefly. If the initial estimate is below the solution, the first refinement is above the solution and may exceed Zeq. In these circumstances, the first of the logarithmic terms in eqn. (16) becomes undefined and the Newton-Raphson method fails. Conversely, if the initial estimate is above the solution, the first refinement is also above, but closer to, the solution and the NewtonRaphson method must succeed. However, if the initial estimate is too close to Zeq. F'(z) is so large that many refinement cycles are required to reach the solution. Ideally, then, the initial estimate should be just above the solution; but how is such a value to be chosen when the solution is unknown?
A robust version of the Newton-Raphson method has been described [12] that largely avoids these numerical problems, but this technique is not sufficiently general that it can be applied to the cases considered by Boeker [10, 11] , in which both logarithmic terms of eqn. (3) occur. More recently, Boeker [14] has described a hybrid method that appears useful. Taking a cue from this work, the following procedure was adopted. First F(z) is calculated at z = 0 and at 99. of Zeq. are tried until a value of F(z) is found that differs in sign from that at z = 0. The estimate of z found in this way must be above the solution and is used to start the Newton-Raphson method.
The second function of the AGIRE program is to generate a series of BASIC statements that accomplish both the location of a suitable initial estimate and its refinement by the Newton-Raphson method. These statements are formulated so as to be consistent with the requirements of the DNRP53 program [19] , which is mentioned in the following subsection.
Regression
Cox & Boeker [20] have used non-linear regression to fit a simplified form of eqn. (3) (containing only C1, C2 and Cf) to each of a series of progress curves obtained for the reaction catalysed by arginine decarboxylase. A secondary analysis using the known definitions of C1, C2 and Cf then allowed values for the various J terms to be determined. Finally, the usual kinetic constants were calculated from the J values.
This three-stage approach can be condensed into a single regression problem by performing an overall fit to the entire collection of progress curves, with the usual kinetic constants as the parameters to be estimated [8, 17] . This overall fitting method is the one adopted here.
The The absorbance at zero time was determined by general progress-curve extrapolation [22] , and the concentration of formed malate at each time point was calculated from the change in absorbance, by using a molar absorption coefficient of 2384 M'1 cm-'. From each of ten progress curves, 18 or 19 points were selected so as to be approximately evenly spaced in concentration. Some representative data are illustrated in Fig. 1 ; these 73 experimental points and 112 points from the remaining six progress curves were normalized to a common enzyme concentration by adjusting the time axis and then combined for the analysis.
RESULTS AND DISCUSSION
Except at high concentrations of fumarate, where substrate inhibition is seen (above 3 mm under the assay conditions described above; results not shown), the kinetics of the fumarase reaction may be described by four parameters, namely a maximum velocity and a Michaelis constant for each of the forward and reverse directions. The integrated rate equation is defined by eqns. (3>-{15) .
In order to fit this model to experimental data it is necessary to create a suitable computer program. This is a relatively simple task, as can be seen from Fig. 2 , which reproduces part of the dialogue with the AGIRE program. After establishing the type of reaction (one substrate, one product, reversible), the user then needs only to define the equilibrium constant and the various J terms as combinations of the parameters to be estimated. The particular parameterization illustrated here corresponds to that shown in eqns. (4)
-{8).
The BASIC code generated by this run is shown in Fig.  3 . After setting the some constants in lines 5100-5105, Because the AGIRE program is rather general, some unnecessary code may be generated. For example, for this particular model there is no JA, term (Fig. 2) , and C2 C is zero. Hence the definition of BC2 in line 5109 and the inclusion of BC2 in lines 5180 and 5185 is superfluous and can be removed manually if this is thought to be desirable.
This program segment, when merged with the DNRP53 program, gives a non-linear regression program that will fit the model to the combined data from several progress curves, and this was used to analyse the data obtained for the fumarase reaction. Each experimental point was given a weight inversely proportional to the square root of the initial fumarate concentration, although the results were very similar when all points were equally weighted.
The fit is shown in Table 1 . Although approximate values for the kinetic parameters were known from initial-velocity measurements (V, = 500 units/mg, Vr = 300 units/mg, Ka = 0.3 mm and Kp = 1 mM), starting estimates for the fit were deliberately chosen so as to be somewhat different from these expected values, and the initial sum of squares was rather high (see the column labelled SSQ in Table 1 
CONCLUSIONS
The AGIRE program described in this paper represents a significant advance in the analysis of progress curves for enzyme-catalysed reactions. The burdensome tasks of deriving an integrated rate equation and creating the computer code necessary to solve and fit this equation have been completely overcome. Instead, the user can work directly with the form that is familiar to enzyme kineticists, the differential rate equation.
The program has been tested and found to produce the correct computer code for both reversible and irreversible reactions involving either one or two substrates and one or two products. 
